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The Crystal Structure of Potass ium Hydrogen Maleate 
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Potassium hydrogen maleate [K+(-OOC. CH = CH. COOI~)] crystallizes in the orthorhombic space 
group Pbcm, with 4 molecules per unit cell and cell dimensions 

a = 4.578 ± 0.002, b = 7-791 ± 0.004, c = 15.953 i 0.005 A .  

800 independent reflections were recorded photographically, each intensity being measured visually 
four or eight times. Refinement proceeded by three-dimensional difference methods to a residual of 
4.9%, with anisotropic temperature parameters applied to the five independent potassium, oxygen 
and carbon atoms. The structure consists of alternate layers of K + cations and planar hydrogen 
maleate anions, each cation being eight-fold coordinated to the oxygens of the anions. The anions 
are chelate, and the internal hydrogen bond has a length of 2"437 ± 0.004 A. The hydrogen electron- 
density sections are consistent with a symmetrical hydrogen bond. 

Introduction 
Potass ium hydrogen maleate  (abbreviated to K H M )  
is an acid salt  of maleic acid. The H M -  ion is shown 
in Fig. 1. Maleic acid has the form of a chelate ring 
with a ve ry  short  internal  hydrogen bond of length 
2.46___0.02 /~ (Shahat,  1952). F rom the a s y m m e t r y  
of the maleic acid molecule it was concluded tha t  this 
bond is definitely not  symmetrical .  Cardwell, Dunitz  
& Orgel (1953) deduced from an  infra-red s tudy  tha t  
the internal  hydrogen bond is stronger in the  H M -  
ion t han  in maleie acid, and probably  symmetr ical ,  
since the infra-red spectrum of K H M  cannot  be 
explained as a superposition of carboxyl group and 
carboxyla te  ion vibrat ion modes. 

c2 
O ~ ~ c  ~ \ ~ o ~  

01 . . . .  H1 . . . .  O~ 

Fig. 1. The hydrogen maleate ion, showing the space group 
mirror plane and the labelling used. 

The crystal  s t ructure  of K H M  was invest igated in 
an a t t emp t  to decide on the na ture  of this hydrogen 

* Pressent address. 

bond and to determine accurate ly  the dimensions of 
the anion. Cardwell et al. gave the space group as 
orthorhombic,  Pbc21 or Pbcm, with 

a = 4.54, b = 7.78, c = 15.95 A ,  

a molecular weight of 154, a densi ty of 1.82 g.cm.-3 
and 4 molecules per unit  cell. 

The (100) and (010) projections 
The 0kl and hOl reflections were recorded out to 
sin 0/2 =0.95,  f irst ly with a Weissenberg camera using 
Cu K s  and Mo Kc~ radiat ion and later  with a Geiger- 
counter diffractometer  (Cochran, 1950) with Mo K~ 
radiat ion.  The film da ta  were obtained by  visual 
comparison with s t andard  scales; the  residual between 
the film and counter s t ructure  factors was 3-7%. 
In  the 0kl zone 114 intensities out of 152 were meas- 
ured, and 84 out of 101 for hO1. The projections were 
solved from the :Patterson functions, using the space 
group Pbcm, which is centrosymmetr ical  with eight 
general equivalent  positions. The K + ions are on 
diads parallel  to a and the H M -  ions are parallel  to 
the c axis, each anion being positioned symmetr ica l ly  
across the  space-group mirror  plane a t  z=-~ or 
(see Fig. 3). The presence of a mirror  plane does not  
prove t h a t  the  hydrogen bond is symmetr ica l  (as shown 
in Fig. 1), since it might  be only stat is t ical ly sym- 
metrical,  cf. potassium hydrogen dibenzoate (Skinner, 
S tewar t  & Speakman,  1954). 

Both  projections were refined by  difference meth- 
ods, with anisotropic t empera ture  factors applied to 
every a tom except the hydrogens,  and the  0kl and hO1 
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Fig.  2. T h e  f ina l  0kl ( l e f t - h a n d  c o l um n)  a n d  h O 1  ( r i g h t - h a n d  co lumn)  (a) o b s e r v e d  e l e c t r o n  d e n s i t y ,  (b) o u t e r  d i f fe rence ,  a n d  
(c) i nne r  d i f f e r ence  ma ps .  Maps  (c) i nc lude  H z a n d  t he  H M -  e l ec t ron .  T h e  c o n t o u r s  a re  on  an  a r b i t r a r y  scale,  w i t h  t h e  dif-  
f e r ence  c o n t o u r s  a t  (1 /20) th  t h e  i n t e r v a l  of t h e  e l e c t r o n  d e n s i t y  c o n t o u r s .  Fu l l  l ine,  p o s i t i v e ;  d o t t e d  l ine,  ze ro ;  b r o k e n  l ine,  

nega t i ve .  

residuals (including the 'unobserved' reflections) de- 
creased to 4.2 and 8.7%, H1 being omitted from the 
calculated structure factors. All atoms were completely 
resolved in the (100) projection, and 01 and the 
hydrogens were the only overlapped atoms for hOl. 
In the later stages of refinement only the outer terms 
with sin 0/~t >_ 0.355 were used so tha t  the hydrogens 
and any extinction effects would not distort the 
structural  parameters of the other atoms (Jellinek, 
1958a, b). Absorption corrections were applied, being 
in the range 0.704 to 0.771 for the crystal used for 
the Okl measurements and 0.767 to 0.856 for the other. 
The hO1 residual was considered unsatisfactory, but  
some of the hO1 spots were slightly split and it was 
assumed tha t  the crystal used was not perfect. As a 
full three-dimensional analysis was planned these 
data  were not re-measured with a different crystal. 
Fig. 2 shows the final (a) observed electron density (b) 
outer difference and (c) inner difference maps. In  
maps (c) Hi  and the (HM)-  electron have not been 
subtracted. Although spurious detail can be seen in 
the hO1 'outer difference' map, the final z coordinates 
determined from each projection had a maximum 
difference of only 0.006/~. 

Three-dimensional refinement 
The original a axis crystal and a needle-shaped crystal 
with length parallel to c were used to record photo- 

graphically three-dimensional data  in layers with 
0 < h _< 4, 0 _< 1 _< 6 and 1=8 using a Weissenberg 
camera in the equi-indination setting with Mo K s  
radiation. Approximately 800 independent reflections 
out of a possible 1,200 with sin 0/2 < 0.85 were visually 
measured. Roughly half of these were recorded about 
both axes and their intensities measured eight times. 
The others were measured four times. Phillips' (1956) 
spot shape correction was applied to the 'extended'  
intensities and the 'contracted'  intensities were then 
scaled to these and a mean taken. The empirical 
scaling curves used for the 'contracted'  intensities 
fi t ted the expression given by Phillips for large sin 0 
but  at low sin 0 it did not apply, as expected. The 
residual between the intensities derived from the 
extended spots and those from the contracted spots 
was 6.5%, and this was taken as a measure of their 
random errors. 

For the first cycle of refinement the final projection 
coordinates were used. Thermal ellipsoids were esti- 
mated for each atom from the two projections but 
were subject to large errors. Hydrogen atoms were 
included with isotropic temperature factors, but  their 
parameters were not refined. The atomic form factors 
given by Berghuis et al. (1955) were used for K +, C 
and O, and tha t  of Viervoll & Ogrim (1949) for 
hydrogen. 

The layers of observed structure factors were. on 
different scales and, since the intensities had been 
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es t imated by  eye and the spot shape var ied with sin 0 
due to beam divergence, crystal  shape and ~13~. 
resolution as well as the higher-layer effect, t hey  were 
each scaled separate ly  to the  calculated s t ructure  
factors using scaling curves which var ied smoothly  
with  sin 0. The scaling curves were refined with the 
s t ruc tura l  parameters ,  thus  introducing approx imate ly  
an ex t ra  25 parameters .  The final curves had  reason- 
able shapes with  only one m a x i m u m  or min imum each, 
and it was considered t ha t  fewer systemat ic  errors 
were introduced this way.  This method m a y  not be 
used if da t a  have been collected about  one axis only, 
as errors in t empera ture  factors can then largely be 
compensated by  the scaling curves. Af ter  scaling in 
layers the a and  c axis da ta  were averaged together.  

Ref inement  proceeded as follows. Sections through 
the three-dimensional  electron densi ty  were computed 
and  showed t h a t  the x coordinate of 01 (the only 
coordinate affected by  overlap in either projection) 
was in error by  0-09 ~ .  An ellipsoid was deduced for 
each a tom by  measuring the  contour diameters  in each 
section through the atomic centres. The ellipsoids 
deduced in this way  were found to fit  non-central  
sections, a t  least  quali tat ively,  a l though sections 
through carbon atoms showed anomalies which could 
be ascribed to bonding. In  order to relate the semi- 
axial lengths (Sx, S t ,  Sz) of an electron-density ellip- 
soid to the  semiaxial  lengths (Bx, By,  Bz) of the  
corresponding t empera tu re  factor  ellipsoid it  was 
assumed tha t  Booth 's  (1946) approximat ion  for the 
electron densi ty  could be applied to an a tom a t  rest. 
Convolution with  the  probabi l i ty  distr ibution function 
of the  a tom then  leads to 

B x  = (Sx /Sz )~Bz+4~2[(Sx /Sz )2-1] /p  I (1) 
B y  = (Sr/Sz)~Bz + 4~ e [(Sy/Sz) e - 1lip ! 

(see Appendix  I),  where p is the  constant  used in 
Booth 's  approximat ion.  Thus if p and either one of 
the  B values or their  average is known, the  B x , B y  
and  Bz  values m a y  be calculated from S x  : S r  : Sz. 
The value of p calculated from the oxygen f -curve  
was 46 A -2 (Appendix II) ,  but  equat ion (1) is not  very  
sensitive to p, and so values close to this were assumed 
for all the atoms. 

Equa t ion  (1) now gave the new tempera ture  param-  
eters. I n  subsequent  cycles of refinement,  sections 
through the three-dimensional  difference densi ty  were 
computed, using outer terms only (sin 0]~ ~ 0.355). 
F r o m  the theory  in Appendix  I the equat ion 

ABr=[27~2/~(O)][(1/p)+ (Br/47c2)]2[(52D(O)/(~r 2] (2) 

was deduced for the  change in the t empera tu re  
pa ramete r  Br, where r is an ellipsoid axis, Q(0) is the 
central  electron densi ty  of the observed Fourier  map  
and  [(~2D(O)/~r ~] is the central  curvature  in the r 
direction on the difference map.  Equa t ion  (2) was 
assumed to be approx imate ly  t rue  for any  direction. 
I t  is again not  very  sensitive to the  value of p used. 

In  practice it was found in the course of the ref inement  
t h a t  values of 2 B  est imated in this way  were relat ively 
correct, but  were too small by  a factor  of about  two. 
This is probably  explained by  the method of scaling, 
which par t ia l ly  masks  the effect of wrong values of B 
by  changes to the scaling curves for different layers.  
These curves should of course refine with the  B 
parameters .  

The four th  cycle of ref inement  gave difference 
sections through the  atomic positions which showed 
very  few features,  the  largest  value of IDI being 
0.4 e .~  -3, compared with 1.1 e.A -3 for the  second 
cycle and peak heights on the first  cycle Fourier  
sections of 54.8 e./~ -8 for K + and  10-14 e .~  -3 for 
the other  atoms. The ref inement  was t e rmina ted  a t  
this stage;  it had  reduced the residual for the  outer  
terms from 9.7 to 5.8%. The final coordinates and 
t empera tu re  factors are shown in Tables 1 and 2. 
The hydrogens contr ibuted appreciably only to the  
inner terms,  and are discussed later.  

Table 1. Final fractional coordinates, with the projection 
values in brackets 

x y z 

~0~ 7500 o.oooo K+ 0.2615 (0.2617) (0.7500) (0.0000) 
01 0.4851 (0.5000) 0.2958 (0.2959) 0.1737 (0.1738) 
02 0.2360 (0.2370) 0.4200 (0.4201) 0.0719 (0.0723) 
c l  0.2845 (0.2825) 0.3969 (0.3969) 0.1471 (0-1480) 
c2 0.0904 (0.091~) 0.4885 (0.4885) 0.2078 (0.2077) 

Ext inct ion corrections were applied using the  
method  of Vand  (1955) with [(c/2)Fc2(000)] = 0-160 and  
0.329 for the a and c axis da ta  respectively. 0 n l y  the  
inner reflections were affected, and af ter  re-scaling the  
inner residual decreased from 5.6 to 3.4%, the residual 
for all the reflections decreasing to a final value of 
4.9%. As a check on the method  of scaling, the  
residuals between the sealed a and c sets of d a t a  for 
the  first  and four th  cycles were computed.  They  were 
7.8 and 6"3%, indicating t h a t  the  scaling curves had 
improved with the  other  parameters .  

K+ 

Table 2. Final temperature parameters 

r Br rZ~'a r~"b rAc 
X 2.85/~2 0 o 90 ° 90 
Y 2-80 90 10 80 
Z 2.45 90 100 10 

01 X 2-93 40.5 121.7 67"6 
Y 5.07 53"1 37.6 96.1 
Z 2.36 104"3 72.0 23"3 

02 X 4.65 10.2 99"0 94-6 
Y 3.77 80.4 12.7 81-9 
Z 2.04 86"8 98"8 9"4 

C 1 X 3"09 20"5 105.4 103-2 
Y 2.35 74.7 15-5 92.4 
Z 2.03 76.7 91.2 13-4 

C 2 X 3.08 35.4 54.7 87"3 
:Y 2.43 125-4 35"5 87"6 
Z 2-67 90"8 93-5 3-6 
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E s t i m a t i o n  of e r r o r s  

Since the da ta  were measured out  to the same recip- 
rocal radius in all directions, Cruickshank's  (1960) 
method  for calculating the s t andard  deviations of the 
s t ruc tura l  parameters  was used, and  gave" 

oxygens ~(r) = 0.0017 ~ ,  a(B) = 0 . 0 4 -  0.07/~2, 

carbons a ( r )=0 .0019  _~, ( r ( B ) = 0 . 0 5 - 0 . 0 7  _~2. 

As the K + cations are on diad axes, t hey  were given 
the values 

~(x) = 0"002 ~ ,  ~(B) = 0.05 A 2. 

The method  of scaling m a y  have  introduced some 
sys temat ic  errors in the t empera tu re  factors,  and  the  
a(B) values quoted above are doubtless too optimistic 
(Lonsdale & Milledge, 1961). No simple est imate  of 
errors for the ellipsoid angles can be given, bu t  any  
angle changes which do not  al ter  the  value of B in 
any  direction by  more t h a n  0.14/~2 m a y  be considered 
within the  limits of possible error. 

I n  view of the  above accuracy it was decided to 
re-measure the  cell parameters .  Cu K s  zero-layer 
Weissenberg photographs  were t aken  about  each axis 
using a fresh crystal ,  which was replaced for pa r t  of 
each exposure by  a rock-salt  powder  specimen of 
similar absorpt ion factor  to calibrate the  films. F rom 
the sin 0 values of ten high angle reflections the  cell 
pa ramete rs  were calculated to be 

a - -  4.578 ± 0.002, b -- 7.791 ± 0.004, c = 15-953 ± 0-005 ~ .  

Only the  value of a was very  significantly different 
(by 19a) from the value given by  Cardwell et al. (1953). 

I n  order to calculate bond-length s t andard  devia- 
tions the  formula  for a(1) given by  Ahmed & Cruick- 
shank (1953) was extended to include the  effect of 
errors in cell parameters ,  and  became 

a2(l) = ~ (cos 2 ~i [a2(xi l )+  ag(xi2)] 
i 

+(1/ai) 2 cos 4 ~l(12(a~)) , (3) 

where 1 is the length of the bond between atoms 1 
and  2, cos ai,  xi and  ai are the  direction cosines, 
atomic coordinates and  cell dimensions respectively 
in the  i th  direction, and  i =  1, 2 and  3. The ae(ai) te rms 
in equat ion (3) proved to be negligible for all bond 
lengths, and  their  effect on the  bond ang le  s t andard  
deviations (Darlow, 1960) was omitted.  

Deta i l s  of the  s t ruc ture  

The s t ructure  (Fig. 3) is composed of a l ternate  layers 
of K+ and  H M -  ions, the  anions being oriented so 
t h a t  there are sheets of oxygens on either side of the  
potass ium layers.  The potassiums are in an approx- 
imate ly  hexagonal  ar ray ,  with K - K  distances 4.466, 

4.572 and  4.578 ± 0.003 J~ and K - I ~ - K  angles of 58.4, 
60.7 and  60.9 ± 0.2 °. :Fig. 4 shows the  environment  of 
each a tom,  together  wi th  the  the rmal  ellipsoid axes 
and  B values. The potassium stereogram includes the  

eight nearest  oxygens, six of type  O2 and  two of 
type  01, labelled with superscripts 1 to 8;,The following 

tables give the  K - O  distances and O - K - O  angles: 

Table 3. K - O  distances 

Oxygens (A) Oxygens (A) 

O 3 1, 4 2.817_+0.003 O 3 5, 6 2.873__0.003 
O~. 2, 3 2.891_+0.003 O 1 7, 8 3.025±0.003 

Table 4. 0 n - K - 0  m angles 

Oxygens (n, m) Angle (o) Type 

2, 3 74.6 -+ 0.4 A 
5, 6 75.1___0.4 A 
1, 2; 3, 4 77.1_+0.2 A 
1, 6; 4,5 73.1_+0.2 A 
2, 7; 3, 8 43.7_+0.2 A 
4, 7; 1, 8 75.6_+0.2 A 
6, 7; 5, 8 83.4_+ 0.2 A 
1, 3; 2, 4 106.8_+0.3 B 
1, 5; 4, 6 103.1_+0.3 B 
3, 5; 2, 6 105"2+--0"2 .B 
1, 7; 4, 8 106"3_+0"2 B 
3, 7; 2, 8 106"4_+0"2 B 
5, 7; 6, 8 136.4_+0'2 B 
2, 5; 3,6 180 _+0"4 C 
1, 4 175.3 _+ 0"5 C 
7, 8 134"9_+0"5 C 

:For regular  eight-fold coordination the  angles of 
types  A,  B and  C would be 70.5, 109.5 and  180 ° 
respectively. The main  deviations are caused by  the  
O1 a toms being rigidly bound to the 02 a toms in the  
H M -  ions, and  the  slight anisotropy of the  K+ ion 

2b /." / /  /-" 

\ 
/ f  / 7  / 7  

/ /  / z /  ....--" +/.-. ,/- 

\ \ 
f f / / / 

/ / / 
/ / / 

- a  0 a 2a 

/ N 

Fig. 3. Projections of the structure perpendicular to the c and 
a axes. The dots represent potassiums. In the top figure the 
HM- ions are seen end-on, with those in full lines above 
the plane of the potassiums and those in broken lines below 
The arrow heads indicate 01 and O1'. 
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x 

01 C2 
Y ! 

X 

Fig. 4. Stereographie projections down the c axis of the bonding and thermal vibration ellipsoid axes for the K+ cation and 
the atoms in the H M -  ion labelled in Fig. 3. The oblique line through each pole represents the plane of the H M -  ion. The 
values of B are given in .4,% 
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is consistent with these deviations. I t  can be seen 
from Fig. 3 that  the planes of the anions almost go 
through the potassiums, and this has the effect of 
minimizing the K-O1 distances and maximizing the 
(2, 7) angle of 43.7 ° . I t  may be concluded that  the 
packing of the 02 atoms round the potassiums gives 
the positions of the H M -  ions while their orientations 
are governed by the fitting of the 01 atoms close to 
the K + ions and the anions into one another. 

The H M -  ion is planar, with a least-squares plane 

0.2000x + 0.2402y = 1,  (4) 

where x and y are coordinates in A. This plane is 
marked on the stereograms in Fig. 4. The deviations 
from this plane are small but significant, namely 

0 1 -  0.007 A C1 + 0.010 
O9. + 0.007 A C2 - 0.010/~. 

These suggest that  the ion is slightly bent about an 
axis parallel to c passing near C1 and 0~. The difference 
between 0.007 and 0.010/~ is not meaningful. 

~.~o / 2.47 2.~7 \ ~.4o 

2"95 2"95 

Fig. 5. The B values (in R 2 units) of the sections of the thermal 
ellipsoids in the plane of the anion. 

O2 has approximately tetrahedral coordination with 
3K + ions and C1. All the angles are within 12 ° of 109.5 °. 
The atomic anisotropies are in general consistent with 
the bonding, but suggest a libration of the anion in 
its own plane. The temperature factors in this plane 
are shown in Fig. 5, and suggest an oscillation about 
the point marked x with a mean displacement angle 
of 3.2 °. The anisotropy of C2 is rather small, but the 
bond-length corrections (Cruickshank, 1956) are only 
of the order of the standard deviations, namely 
0.004 A for O101', 0.003 A for C1C2 and 0.002 J~ for 
C101, C102 and C2C2'. The bond lengths and angles 
of the H M -  ion are shown in Fig. 1 of the following 
paper (Darlow, 1961) where they are discussed in detail. 

Discuss ion  of the hydrogens  

The three-dimensional difference sections for H1 and 
I-Ie (Fig. 6) were computed using the terms with 
sin 0/4<0.55 (H1 and He being omitted from the 
calculated structure factors). The peak densities are 
0.70 and 0.98 e.A -3 compared with the calculated 
value of 0.89 e.A -3 for B = 3  A 2. For comparison, the 

average background over all the unit cell is 0.13 e./~-3. 
The H2 maps are centred on the point of maximum 
electron density with coordinates (0.9379, 0.5571, 
0.1812) giving a C-I-I bond length of 0.976 •. A stand- 
ard deviation of 0.02 /~ was arbitrarily assumed for 
this length. H2 is --(0.05 +0.02) ]~ from the mean 
H M -  plane, consistent with the small bend in the 
anion. 

y g 

x x 

y )' 

H1 H2 

Fig .  6. F i n a l  d i f f e r e n c e  s ec t i ons  fo r  t t  1 a n d  t t  2. T h e  c i rc les  
h a v e  d i a m e t e r s  of  1-25 /k, a n d  t h e  m a p s  h a v e .  e i t h e r  t h e  
ze ro  or  f i r s t  c o n t o u r s  as  t h e  l o w e s t  o n e s  s h b w n ,  w i t h  a 
c o n t o u r  i n t e r v a l  of  0.14 e . •  -3. 

H1 has a lower peak density than H2, as is commonly 
found for hydrogens in hydrogen bonds. The H1 
sections in Fig. 6 are centred on the midpoint of the 
0101' line, but the peak density position (marked with 
a cross) is 0.11 ]t from this midpoint in a direction 
at 45 ° to the H M -  plane with the component in the 
plane towards the centre of the ring. This is un- 
expected, and is probably not significant since the 
density at the midpoint of 0101' is only 0.02 e./~ -a 
less than the maximum value. Whilst the anisotropy 
of H1 may not be significant either, it is in the opposite 
direction to that  expected, since the oxygens 01 and 
01' have a large motion perpendicular to the molecular 
plane whereas H1 has apparently the smallest motion 
in this direction. This is discussed in the following 
paper. 

No definite conclusion can be drawn as to the nature 
of the hydrogen bond, but the H1 electron distribution 
is consistent with a centred hydrogen model. 

This structure was first presented (in projection 
only) at the Symposium on Hydrogen Bonding held 
at Ljubljana, Yugoslavia, in July 1957, the Sym- 
posium proceedings being published in 1959 (Darlow, 
1959). The Okl projection has. been independently 
solved by Peterson & Levy (1958) using neutron 
diffraction. They obtained a value of 2.44 it for the 
01H101' bond and also found a larger thermal motion 
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of O~ perpendicular  to the bond compared with H~. 
A full three-dimensional  neut ron analysis would 
provide an interesting comparison with our results. 

A P P E N D I X  I 

Consider an a tom with centre at  the origin of coor- 
dinates. Let  (X, Y, Z) be the coordinates of a point  
in real space relat ive to the principal axes of the 
vibrat ion ellipsoid of the atom, and (u, v, w) be the 
coordinates of a point  in reciprocal space relat ive to 
the principal axes of the thermal  ellipsoid of the atom. 
Let  the Fourier  t ransform of the electron distr ibut ion 
in the a tom be 

f(u,v,w) 
=fo (u, v, w) exp [ -  ( B x u  ~ + B r v  ~ + Bzwe)/4] , (I. 1) 

where f0 (u, v, w) is the spherically symmetr ical  trans- 
form of the spherically symmetr ical  electron densi ty  
~0(X, Y, Z) for the a tom at  rest, and 

[ ( B x u  ~ + B r v  ~ + Bzw2)/4] 

represents the thermal  ellipsoid. Then the electron 
distr ibution ~(X, Y, Z) is given by  the convolute of 
~0 (X, Y, Z) with P ( X ,  Y,  Z)  the  probabi l i ty  distribu- 
t ion function for the atom, where 

P ( X ,  Y ,  Z)  = ( 6 4 ~ l B x B y B z ) ½  

x exp [ - 4 ~ ( X 2 / B x +  Y ~ I B Y + Z 2 / B z ) ]  (I.2) 

is the Fourier  t rans lorm of 

exp [ -  ( B x u  ~ + B y v  ~ + Bzwe)/4] , 

(Cochran, 1954). Booth 's  (1946) approximat ion for the 
atomic shape (here taken  for an a tom at  rest) then 
gives 

+ ( y + y ' )e  + (Z + Z')~"}] ( 6 4 7 ~ l B x B y B z )  ~/~ 
x exp [ - -4 :n2(X '~ /Bx+ 

Y ' 2 / B y + Z ' 2 / B z ) ] }  d X ' d Y ' d Z '  . (I.3) 

Re-arranging leads to 

~(X,  Y,  Z) = Z ( 6 4 p ~ / B x B r B z )  1/2 

x _ e x p  [ -  {p(X+X') 2 + (4n2/Bx)X'~}]dX ' 

x _exp  [ -{~(r+  r')~+(4~/B~)r'~}]~r' 

x _ exp [ -  {p(Z + Z ' )~+ ( 4 ~ / B z ) Z ' 2 } ] d Z  ', 

giving 

~(X, Y, Z)=Z(p/~)a/2(CxCrCzW2 
x exp [ -  p ( C x X  ~ + Cy Y~ + CzZ2)] ,  

where 
C x = ( l  + p B x / 4 ~ e )  -~ etc. 

(I.4) 

(I.5) 

(I.6) 

Thus if ~(X, Y, Z) has the same value for the axial 
points (Sx ,  O, 0), (0, Sy ,  0) and (0, 0, Sz),  then 

C x S x  2 = C r S r 2  = CzSz  2, 

which after re-arranging becomes 

B x =  (S x /S z ) eBz  + 4~e[(Sx/Sz) e - 1 l ip 

and B y  = (S r /S z ) eBz  + 4~e[(Sr /Sz )  e - 1 ] /p .  (I.7) 

This is equation (1). 
Differentiating (I.5) and taking X =  Y = Z = O  gives 

02¢(0)/OX 2 = - 2pCxe(O) . (I.8) 

For a difference section through the atomic centre, 
with 

D = ( O o - O c  ) and ID(0)/O(0)I < 1 ,  

(I.8) leads to 

32D(O)/ OX2= - 2pe(O) ( OCx / ~ B x ) A B x  , 

where A B x  = (Bx ,  obs . -Bx,  calc.), and using (I.6) gives 

ABx=[2~/p~Cx2e(O)][O2D(O)/OX 2] etc. (I-9) 

This is the basis of equation (2). 

A P P E N D I X  II 

For an isotropic atom, (I.5) becomes 

er, B = Z(p /  ze)a/eC a/2 exp [ - pCr ~-] 
= Qo, oC 3/2 exp [ - pCr 2] . (II- 1 ) 

Differentiating and taking r = 0 leads to 

~2Qo, B~ Or 2 = -- 2p~0, oC 5/~ 

= ( 02~o, o~ ~r2)C 5/2. (II.2) 

Subst i tut ing (I.6) and re-arranging then gives 

( - ~2~0, B/~r~)-~ /5  
= ( -  ~2~o,o/~r2)-2/5[(p/4n2)B+ 1].  (II-3) 

Thus a plot of (-~2~O,B/~r2)-~/5 against  B should be 
a s t raight  line with a rat io of slope to intercept  of 
(p/4~). 

The curvature  of the electron densi ty  function was 
obtained as follows" 

~r, B = 4:~s2f(s) exp ( -- Bs2/4) (sin 2~rs/2~rs)  ds , 
0 

where s = 12 sin 0/;tl , (II-4) 
so tha t  

C%~r,B/ Cgr2-= ( ~2/ cgr 2) I: 4~S2f (S) 

x exp ( - Bs~-/4) [1 - (2~sr)2/6 + 0(r4)] ds 
and hence 

~r2= ( -  16~/3)  I o  [s4f(s) exp ( -  Bs2/4)]ds Q 

This may  be approximated  by  
8 t 

~2eo, B/ ~r e = (-- 16~8/3)AsZ [s4 f (s) 
0 

x exp ( - B s 4 / 4 ) ]  . (II.5) 
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(11.5) was calculated for the  o x y g e n f  curve, sampled 
a t  intervals  of 0.1 out to # = 2 . 6 .  Values of B were 
t aken  from 0 to 5 in steps of 1. The summat ions  for 
B = 0 and  B = 1 were not  ve ry  convergent within the  
range used, but  the  values for B = 2 to 5 gave p = 46 A -9 
f rom the graph of (II.3). This is the  value used in 
equat ion (1). 

P a r t  of this work forms pa r t  of the Ph.D.  thesis 
of one of us (S. F. D.). We are grateful  to Prof. N. F. 
Mort, F. R. S., and Dr  W. H. Taylor  for the provision 
of research facilities, Dr  M. V. Wilkes for permission 
to use EDSAC, Mr M. Wells for the  use of m a n y  of 
his p rogrammes  and several members  of the labora tory  
staff  who have  grea t ly  assisted in the  calculations. 
One of us (S. F. D.) acknowledges financial support  
f rom the D e p a r t m e n t  of Scientific and Indus t r ia l  
Research.  We should also like to t h a n k  Prof. J .  Dunitz,  
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The Configuration of the Strained Hydrogen M a l e a t e  I o n  
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The strained configuration of the hydrogen maleate ion 

HOOC. CH = CHCOO- 

in the potassium hydrogen maleate structure is investigated. I t  is shown tha t  the strain energy is 
approximately 7"5 Kcal./mole, and the corrections to the bond lengths due to the strain are of the 
order of 0.01 A. With these corrections, the carbon-carbon bond lengths are equal to the pure 
single- and double-bond lengths expected between carbons in the sp ~ state of hybridization. 

I n  the  preceding paper  (Darlow & Coelu'an, 1961), 
the  three-dimensional  ref inement  of the  s t ructure  of 
potass ium hydrogen maleate  has been described. In  
this paper  the  bond-lengths and angles of the hydrogen 
maleate  ion ( H M - )  in this s t ruc ture  are discussed. 
They  are shown in Fig. 1 with the  oscillation correc- 
tions added. The bond-length s t andard  deviat ions do 
not  include the  oscillation correction uncertainties.  

The ion is considerably s trained in the  p lanar  cis 
configuration, and  in Table 1 the  exper imental ly  
determined angles are compared with  the  values 
expected for the corresponding unst ra ined angles. The 
symbols used for them in the  following discussion are 
shown in brackets.  

o.976\ % / ~  
+- 0.020 \ ~°  / 

C ~  1 "348+0"004(~ 113"8 
- ~/L.J 130"4~o + 1 "5 ° 

,,'i.~,98 +02 \ 
/ 4- 0.003 ~ 117.0 

0~O.oo~ / - "  .__ _ ~ b . ~ j t O  
02 ~ { " ~  120"3 tJO~-.oo. 7 

C~\  ~.o~,. +-0"3 +=" :o \ 1.284 '/ _o.3 \ _o.oo3 / 
\ :o:#/ 

_0--  -O . . . . . . .  © 
01 H 1 

Fig. 1. The bond lengths and angles in the hydrogen maleate 
ion. The two halves of the ion are related by a mirror plane. 


